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Newtonian ﬂuids is investigated. We obtain the conclusion that the solutions of non-
Newtonian ﬂuids converge to the solutions of Navier–Stokes equations in the sense of L2-
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(resp. H2(Ω)). Moreover, we obtain L∞-norm convergence of solutions if the initial data
belong to H2(Ω).
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1. Introduction
As is well known, the Navier–Stokes model of ﬂuid restricts the linear relation between the stress tensor and the velocity
gradient (see [16,19,20]). Fluids satisfying such constitutive relationship are called Newtonian ﬂuids, e.g. water and air.
However, for many ﬂuid materials, such as molten plastics, synthetic ﬁbers, biological ﬂuids, paints and greases, etc., their
ﬂow behavior cannot be characterized by Newtonian relationship in real life. By relaxing the constraints of the Stokes
hypothesis, the mathematical theory of viscous non-Newtonian ﬂuids generalizes the usual Stokes model in three important
respects: nonlinear constitutive relations between the viscous part of the stress tensor and velocity gradients, dependence
of the viscous stress tensor on velocity gradients of order two or higher, and constitutive relations for higher order stress
tensors which must be present in the balance of energy equation as soon as higher order velocity gradients are admitted
into the theory [5,9].
The viscous non-Newtonian ﬂuids which allow for nonlinearity in the constitutive theory have been extensively studied,
see for example Ladyzhenskaya [10,11], Du and Gunzburger [7]. Particularly, Straughan in [18] obtained some results of
three Ladyzhenskaya’ model with dependence of viscosity on temperature. Bleustein and Green [4] developed dipolar ﬂuids
based on continuum thermodynamics. Further relevant work and details may be found in [15]. Regarding the viscoelastic
part, the correct model was developed by Man and Sun [13] in 1987, where they applied viscoelastic ﬂuid theory to study
the generalized ﬂuid of second grade in their analysis of glacier ﬂow, moreover, the model was capable of producing the
effects of shear thickening and shear thinning, the details of this may be found in Section 4.2 of the book [17]. Franchi and
Straughan in [8] investigated the stability and nonexistence of a ﬂuid of second grade.
Many authors also have tremendous interest in equations which contain higher order velocity gradients than Navier–
Stokes equation. Lions proposed to replace the negative Laplacian − by the term −+k(−) l2 , l > 2, k > 0 (in a way that
is reminiscent of Taylor expansion), who considered such a modiﬁed problem in [12]. In summary, when the perturbations
of Navier–Stokes equation are taken into account, higher order velocity gradients may be incorporated into the equation.
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follows
ut + u · ∇u − ∇ ·
(
γ (u)e(u)
)+ μ12u − νu = −∇πn−N + f (x), (x, t) ∈ Ω × [0, T ], (1.1)
∇ · u(x, t) = 0, x ∈ Ω, (1.2)
u(x,0) = u0(x), (1.3)
subject to the spatial periodicity conditions
u(x, t) = u(x+ Lχi, t),
∫
Ω
u(x, t)dx = 0, t  0, (1.4)
where {χi}2i=1 is the natural basis of R2,
γ (u) = 2μ0
∣∣e(u)∣∣p−2.
Here u is the velocity vector, f is the external body force, ∇πn−N denotes the pressure of non-Newtonian ﬂuid system,
e(u) = (ei j(u)) is the symmetric deformations velocity tensor whose components are given
ei j(u) = 12
(
∂ui
∂x j
+ ∂u j
∂xi
)
,
∣∣e(·)∣∣2 = 2∑
i, j=1
∣∣ei j(·)∣∣2,
ν > 0 is constant, and μ0,μ1 > 0 are viscosities. The ﬂuids are shear thinning in the case of 1 < p < 2, and shear thickening
in the case of p > 2. See [1,9,14] for a detailed description of such model.
While μ1 = 0, the ﬂuid is said to be monopolar, because the only ﬁrst derivative of the velocity is involved in the
stress tensor, such as the Ladyzhenskaya’s model. Pokorny [14] investigated the Cauchy problem for monopolar and dipolar
incompressible non-Newtonian ﬂuids. Bellout et al. [2,3] studied the existence and uniqueness of weak solution of the
dipolar viscous ﬂuids for space-periodic version. Bloom and Hao [5,6] studied the dipolar viscous non-Newtonian ﬂuids in
an unbounded channel. While μ0 = μ1 = 0, Eq. (1.1) turns out to be the famous Navier–Stokes equation [19,20]. Following
this clue, we naturally ask the question what happens if the viscosities μ0 and μ1 tend to zero for non-Newtonian ﬂuids,
it is to this goal that the present paper is addressed.
We also consider the following Navier–Stokes equations
υt + υ · ∇υ − νυ = −∇πN−S + f (x), (x, t) ∈ Ω × [0, T ], (1.5)
∇ · υ(x, t) = 0, x ∈ Ω, (1.6)
υ(x,0) = υ0, (1.7)
subject to the spatial periodicity conditions
υ(x, t) = υ(x+ Lχi, t),
∫
Ω
υ(x, t)dx = 0, t  0, (1.8)
where {χi}2i=1 is the natural basis of R2, ∇πN−S denotes the pressure of Navier–Stokes system.
For the sake of convenience of the following contexts, ﬁrst we set some notations.
Ω = [0, L]2, L > 0.
Lp(Ω) – the Lebesgue space with norm ‖ · ‖Lp , particularly, ‖ · ‖L2 = ‖ · ‖, and ‖u‖L∞ = ess supx∈Ω |u(x)|, for p = ∞.
W σ ,p(Ω) – the Sobolev space {u ∈ Lp(Ω), Dku ∈ Lp(Ω), k σ } with norm ‖ · ‖σ ,p .
C (I, X) – the space of continuous functions from the interval I to X .
Lq(0, T ; X) – the space of all measurable functions u : [0, T ] → X , with the norm
‖u‖qLq(0,T ;X) =
T∫
0
∥∥u(t)∥∥qX dt,
and when q = ∞, ‖u‖L∞(0,T ;X) = ess supt∈[0,T ] ‖u(t)‖X .
Deﬁne a space of smooth functions that incorporates the periodicity with respect to x and divergence free condition
V =
{
u ∈ C∞per(Ω): ∇ · u = 0,
∫
Ω
u dx = 0
}
,
where per represents that u is periodic with respect to x.
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Hσ (Ω) = the closure of V in W σ ,2(Ω) with norm ‖ · ‖σ (σ  1).
Particularly, when σ = 2, V = H2(Ω). V p = the closure of V in W 1,p(Ω).
Since Navier–Stokes equation is the particular case of the non-Newtonian ﬂuids for μ0 = μ1 = 0, the aim of this paper
is to investigate the difference between the solutions to non-Newtonian ﬂuids and the solutions to Navier–Stokes equation,
when the viscosities μ0 and μ1 tend to zero.
We discuss the following two cases of p respectively.
Case 1: 1 < p < 2, we obtain the difference ω(t) between the solutions to non-Newtonian ﬂuids and the solutions to Navier–
Stokes equation, with the same initial data u0 = υ0 ∈ H1(Ω), satisfying the following inequality for the ﬁnite time t ∈ [0, T ]:∥∥ω(t)∥∥ C(μ0t + μ1) 12 .
Case 2: 2 < p < 3, we obtain the difference ω(t) between the solutions to non-Newtonian ﬂuids and the solutions to Navier–
Stokes equation, with the same initial data u0 = υ0 ∈ H1(Ω), satisfying the following inequality for the ﬁnite time t ∈ [0, T ]:∥∥ω(t)∥∥ C(μ0t 3−p2 + μ1) 12 ,
when u0 = υ0 ∈ V and the viscosities μ0 = μ1, we can further obtain
∥∥∇ω(t)∥∥ Cμ 120 [(1+ (1+ μ p20 )t 4−p2 + μ0)] 12 ,∥∥ω(t)∥∥L∞  Cμ 140 [(1+ μ 140 )(1+ t 3−p8 )].
Obviously, as μ0,μ1 → 0, the above estimates of ω(t) tend to 0, which implies that the solutions of non-Newtonian ﬂuids
converge to the solutions of Navier–Stokes equation in the sense of different norms.
The paper is organized as follows. In Section 2, we recall some already known results. In Section 3, we obtain the
conclusion that the solutions of non-Newtonian ﬂuids converge to the solutions of Navier–Stokes equation in the sense of
L2-norm, as the viscosities tend to zero and the initial data belong to H1(Ω). In Section 4, we obtain the conclusion that
the solutions of non-Newtonian ﬂuids converge to the solutions of Navier–Stokes equation in the sense of H1-norm and
L∞-norm, as the viscosities tend to zero and the initial data belong to H2(Ω).
For notational simplicity, C is a generic constant and may assume various values from line to line.
2. Preliminaries
We deﬁne a continuous trilinear form on H1(Ω) × H1(Ω) × H1(Ω) as follows,
b(u,υ,ω) =
∫
Ω
ui
∂υ j
∂xi
ω j dx, u,υ,ω ∈ H1(Ω),
which has the properties: b(u,υ,ω) = −b(u,ω,υ), b(u,υ,υ) = 0.
(∇ · (γ (u)e(u)),ω)= ∫
Ω
γ (u)ei j(u)ei j(ω)dx, u,ω ∈ H1(Ω),
where γ (u) = 2μ0|e(u)|p−2.
Deﬁnition 2.1. By a weak solution of the periodic problem (1.1)–(1.4) for n = 2, 1 < p < ∞, we mean
u ∈ L∞(0, T ; H) ∩ Lp(0, T ; V p) ∩ L2(0, T ; V ), ∀T > 0, (2.1)
satisfying
∫
Ω
u(t)ψ(t)dx−
t∫
0
∫
Ω
u
∂ψ
∂s
dxds +
t∫
0
∫
Ω
ui
∂u j
∂xi
ψ j dxds +
t∫
0
∫
Ω
γ (u)ei j(u)ei j(ψ)dxds =
∫
Ω
u0ψ(0)dx (2.2)
a.e. t ∈ [0, T ] for every ψ ∈ C 1((0, T ]; H) ∩ C ([0, T ]; V ∩ V p), and ψ(x, T ) = 0.
By Galerkin approximations and some a priori estimates, one can obtain the existence and uniqueness of solutions, the
method is classical and for more details, we refer to [2,3,5,9,14].
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Deﬁnition 2.1.
Lemma 2.2. (See [3].) u ∈ Ws1,p(Ω), 0 s2  s s1 < ∞, then there exists a constant C , such that
‖u‖s,p  C‖u‖αs1,p‖u‖1−αs2,p ,
where s = αs1 + (1− α)s2 .
Lemma 2.3 (Gronwall inequality). Let f (t), g(t),h(t) be nonnegative continuous functions and satisfy the inequality
g(t) f (t) +
t∫
0
g(s)h(s)ds, ∀t > 0,
where f ′(t) 0, then
g(t) f (t)exp
( t∫
0
h(s)ds
)
, ∀t > 0.
3. The convergence in L2-norm
In this section, we obtain the conclusion that the solutions of non-Newtonian ﬂuids converge to the solutions of Navier–
Stokes equations in the sense of L2-norm, we prove the main theorem with the aid of following lemmas. In other words,
these lemmas make sure that the solution norm estimates don’t tend to inﬁnity, as μ0,μ1 → 0.
Lemma 3.1. For u0 ∈ H1(Ω), f ∈ H, in the case of p > 1, there exists constant C such that
∥∥∇u(t)∥∥ C,
t∫
0
∥∥u(s)∥∥2 ds C,
where the constant doesn’t depend on the viscosities μ0 , μ1 .
Proof. Taking the inner product of (1.1) with −u in H , and noticing the spatial periodicity conditions, combining the
divergence free condition, for n = 2, we can obtain b(u,u,−u) = 0 (see details in [16]), then we have
1
2
d
dt
‖∇u‖2 + ν‖u‖2 + μ1‖u‖23 + 2μ0
∫
Ω
∣∣e(u)∣∣p−2ei j(u)ei j(−u)dx = ( f ,−u),
applying the -Young inequality,
1
2
d
dt
‖∇u‖2 + ν‖u‖2 + μ1‖u‖23 + 2μ0
∫
Ω
∣∣e(u)∣∣p−2ei j(u)ei j(−u)dx ‖ f ‖22ν + ν‖u‖
2
2
. (3.1)
Let I = 2μ0
∫
Ω
|e(u)|p−2ei j(u)ei j(−u)dx, then
I = 2μ0
∫
Ω
∣∣e(u)∣∣p−2 ∂ei j(u)
∂xk
∂ei j(u)
∂xk
dx+ 2μ0(p − 2)
∫
Ω
∣∣e(u)∣∣p−2 ∂ei j(u)
∂xk
∂ei j(u)
∂xk
dx
= 2μ0(p − 1)
∫
Ω
∣∣e(u)∣∣p−2 ∂ei j(u)
∂xk
∂ei j(u)
∂xk
dx, (3.2)
owing to the assumed condition p > 1, then I > 0, we can transfer (3.1) into the following inequality,
1
2
d
dt
‖∇u‖2 + ν
2
‖u‖2  ‖ f ‖
2
2ν
. (3.3)
Integrating both sides between 0 and t in (3.3), then we can obtain
∥∥∇u(t)∥∥2 
t∫
0
‖ f ‖2
ν
ds + ∥∥∇u(0)∥∥2  C, (3.4)
t∫ ∥∥u(s)∥∥2 ds C .  (3.5)0
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∥∥∇υ(t)∥∥ C,
t∫
0
∥∥υ(s)∥∥2 ds C,
where the constant only depends on υ0, f , ν .
Proof. Taking the inner product of (1.5) with −υ in H , similarly, for n = 2, we have b(u,u,−u) = 0,
1
2
d
dt
‖∇υ‖2 + ν
2
‖υ‖2  1
2ν
‖ f ‖. (3.6)
Integrating both sides between 0 and t in (3.6), then
∥∥∇υ(t)∥∥2 
t∫
0
‖ f ‖2
ν
ds + ∥∥∇υ(0)∥∥2  C,
t∫
0
∥∥υ(s)∥∥2 ds C . 
Theorem 3.1. Consider the difference ω(x, t) = u(x, t) − υ(x, t) between a solution of the non-Newtonian system and a solution of
the Navier–Stokes system, and assume that these have the same initial value u0 = υ0 ∈ H1(Ω), for the ﬁnite time t ∈ [0, T ], then the
difference ω(x, t) obeys following estimate:
Case (1): 1 < p < 2,∥∥ω(t)∥∥ C(μ0t + μ1) 12 exp(Ct).
Case (2): 2 < p < 3,
∥∥ω(t)∥∥ C(μ0t 3−p2 + μ1) 12 exp(Ct).
Proof. Obviously, ω(x, t) satisﬁes the following equality:
ωt + u · ∇ω + ω · ∇υ − νω = ∇ ·
(
γ (u)e(u)
)− μ12u − (∇πn−N − ∇πN−S), (3.7)
taking the inner product of (3.7) with ω in H . For n = 2, owing to the divergence free condition, we have b(u,ω,ω) = 0,
1
2
d
dt
‖ω‖2 + ν‖∇ω‖2 = −2μ0
∫
Ω
∣∣e(u)∣∣p−2ei j(u)ei j(ω)dx− μ1(2u,ω)− b(ω,υ,ω).
We estimate the right hand side of the above equality term by term.
μ1
∣∣(2u,ω)∣∣μ1‖ω‖‖u‖μ1C(‖υ‖2 + ‖u‖2). (3.8)
From the divergence free condition, we easily obtain b(ω,υ,ω) = −b(ω,ω,υ),
∣∣b(ω,υ,ω)∣∣= ∣∣b(ω,ω,υ)∣∣ ‖∇ω‖‖ω‖L4‖υ‖L4
 C‖∇ω‖ 32 ‖ω‖ 12 ‖∇υ‖ 12 ‖υ‖ 12
 C‖∇ω‖ 32 ‖ω‖ 12 , (3.9)
where we have employed the Gagliardo–Nirenberg inequality,
‖ω‖L4  C‖ω‖
1
2 ‖∇ω‖ 12 ,
and the conclusion of Lemma 3.2.
According to (3.9), we can deduce the following inequality
∣∣b(ω,υ,ω)∣∣ ν
2
‖∇ω‖2 + C
ν
‖ω‖2, (3.10)
where we have used the -Young inequality.
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∫
Ω
|e(u)|p−2ei j(u)ei j(ω)dx. Let
M = 2μ0
∣∣∣∣
∫
Ω
∣∣e(u)∣∣p−2ei j(u)ei j(ω)dx
∣∣∣∣.
Case (1): 1 < p < 2, then 0 < p − 1 < 1,
M  2μ0
∫
Ω
∣∣e(u)∣∣p−1∣∣ei j(ω)∣∣dx
 2μ0
∥∥e(ω)∥∥(∫
Ω
∣∣e(u)∣∣2(p−1) dx)
1
2
 2μ0|Ω| 2−p2 C
(∫
Ω
∣∣e(u)∣∣2 dx)
p−1
2
μ0C, (3.11)
where the third inequality is due to Holder inequality, and the conclusions of Lemmas 3.1 and 3.2.
Combining the above estimates, we can obtain the following inequality,
1
2
d
dt
‖ω‖2 + ν
2
‖∇ω‖2 μ0C + C‖ω‖2 + Cμ1
(‖u‖2 + ‖υ‖2).
Applying the Gronwall inequality, then
∥∥ω(t)∥∥2  expCt∥∥ω(0)∥∥2 +
t∫
0
expC(t−s)
[
Cμ0 + Cμ1
(∥∥u(s)∥∥2 + ∥∥υ(s)∥∥2)]ds
 expCt
(∥∥ω(0)∥∥2 + Cμ0t + Cμ1), (3.12)
where the last inequality is due to the conclusions of Lemmas 3.1 and 3.2.
Then for 1 < p < 2, we obtain the estimate∥∥ω(t)∥∥ C(μ0t + μ1) 12 expCt .
Case (2): 2 < p < 3, then 1 < p − 1 < 2,
M  2μ0
∫
Ω
∣∣e(u)∣∣p−1∣∣ei j(ω)∣∣dx
 2μ0
∥∥e(ω)∥∥(∫
Ω
∣∣e(u)∣∣2(p−1) dx)
p−1
2(p−1)
 2μ0C‖u‖p−1, (3.13)
where the third inequality is due to the Sobolev imbedding, for n = 2, H2(Ω) ↪→ W 1,q(Ω) (q = 2(p − 1)).
Combining the above estimates, we can obtain the following inequality,
1
2
d
dt
‖ω‖2 + ν
2
‖∇ω‖2 μ0C‖u‖p−1 + C‖ω‖2 + Cμ1
(‖u‖2 + ‖υ‖2).
Applying the Gronwall inequality, then
∥∥ω(t)∥∥2  expCt∥∥ω(0)∥∥2 + Cμ1
t∫
0
expC(t−s)
(∥∥u(s)∥∥2 + ∥∥υ(s)∥∥2)ds + μ0C
t∫
0
expC(t−s)
∥∥u(s)∥∥p−1 ds
 expCt
(∥∥ω(0)∥∥2 + Cμ0t 3−p2
( t∫
0
∥∥u(s)∥∥2 ds
) p−1
2
+ Cμ1
)
 expCt
(∥∥ω(0)∥∥2 + Cμ0t 3−p2 + Cμ1), (3.14)
where the second inequality is due to the Holder inequality.
For 2 < p < 3, we obtain the estimate∥∥ω(t)∥∥ C(μ0t 3−p2 + μ1) 12 expCt . 
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In this section, we obtain the conclusion that the solutions of non-Newtonian ﬂuids converge to the solutions of Navier–
Stokes equations in the sense of H1-norm and L∞-norm. Furthermore, we want to emphasize two points that differ from
the above section. First, we can only obtain the H1-norm convergence estimate in the case of 2 < p < 3. For the case
1 < p < 2, we cannot solve it with the present method. Second, these estimates are obtained under the added condition
μ0 = μ1.
Lemma 4.1. For u0 ∈ V , f ∈ H1(Ω), μ0 = μ1 , in the case of 2 < p < 3, there exists constant C such that
∥∥u(t)∥∥22  C(1+ μ1),
t∫
0
∥∥u(s)∥∥23 ds C(1+ μ1),
where the constant doesn’t depend on the μ1 .
Proof. Taking the inner product of (1.1) with 2u in H ,
1
2
d
dt
‖u‖2 + μ1‖u‖24 + ν‖u‖23 =
(
f ,2u
)− 2μ0
∫
Ω
∣∣e(u)∣∣p−2ei j(u)ei j(2u)dx− b(u,u,2u).
We estimate the right hand side of the above equality respectively, obviously,
∣∣( f ,2u)∣∣ ‖ f ‖21
ν
+ ν‖u‖
2
3
4
,
for the second term,
−2μ0
∫
Ω
∣∣e(u)∣∣p−2ei j(u)ei j(2u)dx = 2μ0
∫
Ω
∣∣e(u)∣∣p−2 ∂ei j(u)
∂xk
∂3ei j(u)
∂x3k
dx
+ 2μ0(p − 2)
∫
Ω
∣∣e(u)∣∣p−2 ∂ei j(u)
∂xk
∂3ei j(u)
∂x3k
dx
= 2μ0(p − 1)
∫
Ω
∣∣e(u)∣∣p−2 ∂ei j(u)
∂xk
∂3ei j(u)
∂x3k
dx. (4.1)
Let Q= 2μ0|
∫
Ω
|e(u)|p−2ei j(u)ei j(2u)dx|, then
Q= 2μ0(p − 1)
∣∣∣∣
∫
Ω
∣∣e(u)∣∣p−2 ∂ei j(u)
∂xk
∂3ei j(u)
∂x3k
dx
∣∣∣∣
 2μ0(p − 1)
∥∥∇e(u)∥∥L∞∥∥e(u)∥∥3
(∫
Ω
∣∣e(u)∣∣2(p−2) dx)
1
2
 2μ0(p − 1)C
∥∥∇e(u)∥∥L∞∥∥e(u)∥∥3
(∫
Ω
∣∣e(u)∣∣2 dx)
p−2
2
 2μ0(p − 1)C
∥∥∇e(u)∥∥L∞∥∥e(u)∥∥3, (4.2)
where due to 2 < p < 3, 0 < p − 2 < 1, we can apply the Holder inequality, and the last inequality is due to the conclusion
of Lemma 3.1.
Noticing that Gagliardo–Nirenberg inequality,∥∥D2u∥∥L∞  C‖u‖ 14 ∥∥D4u∥∥ 34 .
Then
Q 2μ0(p − 1)C‖u‖ 14 ‖u‖
7
4
4
 2μ0(p − 1)C‖u‖
7
4
4

μ1‖u‖24 + Cμ1,2
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we estimate the right hand side of (4.3) respectively.
As to the ﬁrst term, applying Gagliardo–Nirenberg inequality,
‖u‖L∞  C‖u‖ 12 ‖u‖ 12 ,
‖u‖L∞‖u‖
∥∥D3u∥∥ C‖u‖ 12 ‖u‖ 32 ∥∥D3u∥∥ C‖u‖ 32 ∥∥D3u∥∥.
From Lemma 2.2, we know
‖u‖2  C‖u‖
1
2
1 ‖u‖
1
2
3 ,
‖u‖L∞‖u‖
∥∥D3u∥∥ C‖u‖ 341 ‖u‖ 743  ν8 ‖u‖23 + C . (4.4)
For the second term in the right hand side of (4.3), applying Gagliardo–Nirenberg inequality,
‖∇u‖L4  C‖u‖
3
4 ‖u‖ 14 ,
‖∇u‖2L4
∥∥D3u∥∥ C‖u‖ 32 ∥∥D3u∥∥,
similarly, we can obtain
‖∇u‖2L4
∥∥D3u∥∥ ν
8
‖u‖23 + C,
then ∣∣b(u,u,2u)∣∣ ν
4
‖u‖23 + C . (4.5)
Combining the above estimates, we have
1
2
d
dt
‖u‖2 + ν
2
‖u‖23 +
μ1
2
‖u‖24 
‖ f ‖21
ν
+ C + Cμ1. (4.6)
Integrating both sides between 0 and t in (4.6), then∥∥u(t)∥∥22  C(1+ μ1),
t∫
0
∥∥u(s)∥∥23 ds C(1+ μ1). 
Lemma 4.2. For υ0 ∈ V , f ∈ H1(Ω), there exists constant C such that
∥∥υ(t)∥∥2  C,
t∫
0
∥∥υ(s)∥∥23 ds C,
where the constant only depends on υ0 , f , ν .
Proof. Taking the inner product of (1.5) with 2υ in H , then
1
2
d
dt
‖υ‖2 + ν‖υ‖23 
‖ f ‖21
2ν
+ ν‖υ‖
2
3
2
+ ∣∣b(υ,υ,2υ)∣∣,
and
∣∣b(υ,υ,2υ)∣∣ ν‖υ‖23
4
+ C,
where the estimate is similar to (4.5).
1
2
d
dt
‖υ‖2 + ν‖υ‖
2
3
4

‖ f ‖21
2ν
+ C . (4.7)
Integrating both sides between 0 and t in (4.7), then
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t∫
0
∥∥υ(s)∥∥23 ds C . 
Theorem 4.1. Consider the difference ω(x, t) = u(x, t) − υ(x, t) between a solution of the non-Newtonian system and a solution of
the Navier–Stokes system, and assume that these have the same initial value u0 = υ0 ∈ V , μ0 = μ1 , for the ﬁnite time t ∈ [0, T ], then
the difference ω(x, t) obeys the estimate:∥∥∇ω(t)∥∥ Cμ 120 [(1+ (1+ μ p20 )t 4−p2 + μ0)] 12 exp(C + Ct + Cμ0), 2 < p < 3.
Proof. ω(x, t) satisﬁes the following equation:
ωt + u · ∇ω + ω · ∇υ − νω = ∇ ·
(
γ (u)e(u)
)− μ12u − (∇πn−N − ∇πN−S), (4.8)
taking the inner product of (4.8) with −ω in H ,
1
2
d
dt
‖∇ω‖2 + ν‖ω‖2  ∣∣(μ12u,ω)∣∣+ 2μ0
∣∣∣∣
∫
Ω
∣∣e(u)∣∣p−2ei j(u)ei j(ω)dx
∣∣∣∣
+ ∣∣b(ω,υ,ω)∣∣+ ∣∣b(u,ω,ω)∣∣. (4.9)
As to the estimate of the second term of the above inequality, let
N = 2μ0
∣∣∣∣
∫
Ω
∣∣e(u)∣∣p−2ei j(u)ei j(ω)dx
∣∣∣∣
= 2μ0
∣∣∣∣
∫
Ω
∣∣e(u)∣∣p−2 ∂ei j(u)
∂xk
∂ei j(ω)
∂xk
dx+ (p − 2)
∫
Ω
∣∣e(u)∣∣p−2 ∂ei j(u)
∂xk
∂ei j(ω)
∂xk
dx
∣∣∣∣
= 2μ0(p − 1)
∣∣∣∣
∫
Ω
∣∣e(u)∣∣p−2 ∂ei j(u)
∂xk
∂ei j(ω)
∂xk
dx
∣∣∣∣
 2μ0(p − 1)C
∥∥e(u)∥∥p−2L∞ ‖u‖‖ω‖
μ0C‖u‖p−23
(‖u‖2 + ‖υ‖2)
 Cμ0(1+ μ0)‖u‖p−23 ,
where the second inequality is due to the Sobolev imbedding, and the last inequality is the conclusions of Lemmas 4.1
and 4.2.∣∣(μ12u,ω)∣∣μ1‖u‖3‖ω‖3 μ1C(‖u‖23 + ‖ω‖23) Cμ0(‖u‖23 + ‖υ‖23),
where we have used the assumed condition μ0 = μ1.∣∣b(u,ω,ω)∣∣ ‖∇u∇ω‖‖∇ω‖ C‖u‖3‖∇ω‖2, (4.10)
where we have used the divergence free condition and the Sobolev imbedding, for n = 2, H2(Ω) ↪→ L∞(Ω).∣∣b(ω,υ,ω)∣∣ C‖∇ω∇υ‖‖∇ω‖ + ∥∥ωD2υ∥∥‖∇ω‖
 C‖υ‖3‖∇ω‖2 + C‖ω‖L4
∥∥D2υ∥∥L4‖∇ω‖
 C‖υ‖3‖∇ω‖2 + C‖ω‖1
∥∥D2υ∥∥1‖∇ω‖
 C‖υ‖3‖∇ω‖2, (4.11)
where we have used the divergence free condition, Holder inequality, and the Sobolev imbedding, for n = 2, H2(Ω) ↪→
L∞(Ω), and H1(Ω) ↪→ L4(Ω).
From the estimates (4.10) and (4.11), we have the following inequality∣∣b(ω,υ,ω)∣∣+ ∣∣b(u,ω,ω)∣∣ C(‖u‖3 + ‖υ‖3)‖ω‖21.
After obtaining the estimates for the right hand side of (4.9) term by term, we have
1 d ‖∇ω‖2 + ν‖ω‖2  Cμ0(1+ μ0)‖u‖p−23 + Cμ0
(‖u‖23 + ‖υ‖23)+ C(‖u‖3 + ‖υ‖3)‖ω‖21.2 dt
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∥∥∇ω(t)∥∥2  exp∫ t0 C(‖u(s)‖3+‖υ(s)‖3)ds∥∥∇ω(0)∥∥2
+
t∫
0
exp
∫ t
s C(‖u(σ )‖3+‖υ(σ )‖3)dσ [Cμ0(1+ μ0)∥∥u(s)∥∥p−23 + Cμ0(∥∥u(s)∥∥23 + ∥∥υ(s)∥∥23)]ds
 exp
∫ t
0 C(‖u(s)‖23+‖υ(s)‖23+1)ds
[∥∥∇ω(0)∥∥2 + Cμ0(1+ μ0)
t∫
0
∥∥u(s)∥∥p−23 ds + Cμ0(1+ μ0) + Cμ0
]
,
where we have used the conclusions of Lemmas 4.1 and 4.2.
Applying the Holder inequality, we have
∥∥∇ω(t)∥∥2  exp(C+Ct+Cμ0)(∥∥∇ω(0)∥∥2 + Cμ0(1+ μ0)t 4−p2 (1+ μ0) p−22 + Cμ0 + Cμ20)

(∥∥∇ω(0)∥∥2 + Cμ0(1+ μ0) p2 t 4−p2 + Cμ0 + Cμ20)exp(C + Ct + Cμ0),
noticing
(a + b)m  2m(am + bm), m 1,
from the assumed condition 2 < p < 3, we have (1+ μ0) p2  C(1+ μ
p
2
0 ),
∥∥∇ω(t)∥∥2  [∥∥∇ω(0)∥∥2 + Cμ0(1+ (1+ μ p20 )t 4−p2 + μ0)]exp(C + Ct + Cμ0)
= [Cμ0(1+ (1+ μ p20 )t 4−p2 + μ0)]exp(C + Ct + Cμ0).
For 2 < p < 3, we obtain the estimate:
∥∥∇ω(t)∥∥ Cμ 120 [(1+ (1+ μ p20 )t 4−p2 + μ0)] 12 exp(C + Ct + Cμ0).  (4.12)
Theorem 4.2. Let u0 = υ0 ∈ V , μ0 = μ1 , then the difference ω(x, t) in Theorem 4.1 obeys the following estimate for the ﬁnite time
t ∈ [0, T ]:
∥∥ω(t)∥∥L∞  Cμ 140 (1+ μ 140 )(1+ t 3−p8 ), 2 < p < 3.
Proof. Applying the Gagliardo–Nirenberg inequality,
‖ω‖L∞  C‖ω‖ 12 ‖ω‖ 12 ,
then ∥∥ω(t)∥∥L∞ = ∥∥u(t) − υ(t)∥∥L∞  C∥∥u(t) − υ(t)∥∥ 12 ∥∥u(t) − υ(t)∥∥ 12 , (4.13)
from the conclusions of Lemmas 3.1, 3.2, 4.1, 4.2 and Theorem 3.1, we can easily deduce
∥∥u(t) − υ(t)∥∥L∞  C(∥∥u(t)∥∥ 122 + ∥∥υ(t)∥∥ 122 )[μ0(1+ t 3−p2 )] 14

(
C(1+ μ0) 14 + C
)[
μ0
(
1+ t 3−p2 )] 14
 Cμ
1
4
0
(
1+ μ
1
4
0
)(
1+ t 3−p8 ). (4.14)
For 2 < p < 3, we obtain the estimate
∥∥ω(t)∥∥L∞  Cμ 140 (1+ μ 140 )(1+ t 3−p8 ). (4.15)
The proof is completed. 
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